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Abstract. Expanding a result of Serre on finite CW-complexes, we show that 
the Brauer group coincides with the cohomological Brauer group for arbitrary 
compact spaces. Using results from the homotopy theory of classifying spaces 
for Lie groups, we give another proof of the result of Antieau and Williams 
that equality does not hold for Eilenberg— MacLane spaces of type K(Z/nZ, 2). 
Employing a result of Dwyer and Zabrodsky, we show the same for the clas- 
sifying spaces BG where G is an infinite-dimensional F p -vector space. In this 
context, we also give a formula expressing phantom cohomology in terms of 
homology. 
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Introduction 

Generalizing and unifying classical constructions, Grothendieck |23j introduced 
the Brauer group Br(X) and the cohomological Brauer group Br (X) for arbitrary 
ringed spaces and ringed topoi. Roughly speaking, the elements in the former 
are equivalence classes of geometric objects, which can be regarded, among other 
things, as PGL„-bundles. In contrast, elements in the latter are cohomology classes 
in degree two of finite order, with coefficients in the multiplicative sheaf 0\ of units 
in the structure sheaf. The machinery of nonabelian cohomology yields an inclusion 

Br(X) c Br'(X), 

and Grothendieck raised the question under which circumstances this inclusion is 
an equality. This question is particularly challenging in algebraic geometry, where 
one works with the etale site of a scheme X. According to an unpublished result 
of Gabber, for which de Jong [T^] gave an independent proof, equality Br(X) = 
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Br (A) holds for quasiprojective schemes. For many schemes, for example smooth 
threefolds without ample sheaves, the question is regarded as wide open. Note that 
there are " trivial" counterexamples bases on nonseparated schemes ( P3] , Corollary 
3.11) and that equality holds for normal algebraic surfaces [44] and complex smooth 
surfaces [45] . 

The goal of this paper is to study Grothendieck's question in a purely topological 
settings, where X is a CW-complex, endowed with the sheaf of continuous complex- 
valued functions. In this situation, the cohomological Brauer group Br (X) can be 
identified with the torsion part of 

Ext 1 (H 2 (X)/Divisible, Z) . 

According to a result of Serre outlined in [23], equality Br(X) = Br'(X) holds for 
finite CW-complexes. Slightly expanding Serre's result, we show: 

Theorem. For each compact space X, we have Br(X) = Br (X). 

A construction of Bodigheimer [5] involving "long spheres" then implies that for 
every torsion group T, there is indeed a compact space — usually not admitting a 
CW-structure — whose Brauer group is T. 

The main part of this paper, however, is concerned with infinite CW-complexes. 
Then equality between Brauer group and cohomological Brauer group does not 
necessarily hold: 

Theorem (Antieau and Williams). Let X be an Eilenberg-MacLane space of type 
K(Z/nZ,2). Then the the Brauer group Br(A) vanishes, whereas the cohomological 
Brauer group Br (X) is cyclic of order n. 

Antieau and Williams [3] used multiplicative properties of the cohomology ring 
U*(PU(n),Z) with respect to the torsion subgroup. The case n = 2 was already 
considered by Atiyah and Segal [6]. Unaware of these results, we had found another 
proof; after putting the first version of this paper onto the arXiv, Antieau and 
Williams informed us about [3]. 

Our approach is based on a fact from the homotopy theory of classifying spaces of 
connected simple Lie groups, stating that any self map BG — » BG not homotopic 
to a constant map induces bijections on rational homology groups. Nontrivial 
homotopy classes of selfmaps indeed exists, namely the unstable Adams operations 
ip k first constructed by Sullivan [IS] , and further studied by Ishiguro [3D] , Notbohm 
HPJ, and Jackowski, McClure and Olivier [3"T] . 

We also show for arbitrary abelian groups G, any Brauer class on the Eilenberg- 
MacLane space of type K(G, 2) must live in the torsion part of Ext 1 (G/Torsion, Z). 
This has a natural interpretation as phantom classes, that is, Brauer classes that 
become trivial on all finite subcomplexes. Our second main result is a purely 
algebraic description of such phantoms, a kind of Universal Coefficient Theorem, 
which might be useful in other contexts: 

Theorem. Let X be a CW-complex. Then there is a natural identification of 
phantom cohomology H n (X) p h with Ext (iJ„-i(A)/Torsion, Z). 

In turn, it is straightforward to construct infinite CW-complexes X of dimension 
three for which the phantom cohomological Brauer group are arbitrary divisible 
torsion groups. These also coincide with the Brauer group, since Br(X) = Br (X) 
for all CW-complexes of dimension at most four, by a result of Woodward [52] . 
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It is easy to see that the cohomological Brauer group for Eilenberg-MacLanc 
spaces of type K(G,n), n > 3 vanishes. We finally analyze the case n = 1, that 
is, classifying spaces BG = K(G, 1) for arbitrary discrete groups G. According 
to result of Kan and Thurston 133] . every CW-complex is homotopy equivalent 
to the plus construction (BG) + for some group G, which is usually uncountable, 
with respect so some perfect normal subgroup N C G. In some sense, this reduces 
Grothendieck's question on the equality of Br(X) C Br (X ) to the case X = BG. 
Our third main result is: 

Theorem. Let X — BG be the classifying space of an infinite- dimensional ¥ p - 
vector space G. Then Br(A) C Br (X). 

The proof relies on a result of Dwyer and Zabrodsky |13j , who showed that every 
bundle over the classifying space of finite p-groups comes from a representation, 
together with some facts on unitary representations due to Backhouse and Bradley 
[7] . We actually proof a more general version, where G can be a p-primary torsion 
group whose basic subgroups H C G are infinite. 

The paper is organized as follows: In Section [TJ we recall some well-known 
facts on Brauer groups in the topological context and show that Br(A) — Br'(X) 
holds for compact spaces. Section [5] contains further preparatory material. In 
Section [3J contains a new proof that the Brauer group of an Eilenberg-MacLane 
space of type K (Z/nZ, 2) vanishes. This naturally leads to Section [4j in which we 
discuss phantom cohomology and express it in terms of homology. We also realize 
arbitrary divisible torsion groups as phantom Brauer groups on 3-dimensional CW- 
complcxcs. In the final Section we turn to classifying spaces BG — K{G, 1) for 
discrete groups. Here the main result is that for many infinite p-primary torsion 
groups, for example infinite-dimensional F p -vector spaces, the Brauer group of BG 
is strictly smaller than the cohomological Brauer group. 

Acknowledgement. We thank Benjamin Antieau and Ben Williams for informing 
us about the papers [3J, [I] and [S5]. The second author wishes to thank Wilhelm 
Singhof for helpful discussions. 

I. Topological Brauer groups 

In this section we collect some useful facts on Brauer groups of topological spaces, 
many of which are well-known. Throughout, we shall encounter both sheaf and 
singular cohomology; if not indicated otherwise, cohomology groups are sheaf co- 
homology groups. 

First suppose A is a general ringed topos. We write PGL„(Ox) for the sheaf 
of groups associated to the presheaf U »->• PGL n (T(U, Ox))- As explained in [23) . 
Section 1, the obstruction for extending a PGL„(Ox)-torsor T to a GL n (Ox)- 
torsor is a cohomology class a £ H 2 (X, O x ). More precisely, one has an exact 
sequence 

(1) H\X,O x ) — >ff 1 (X,GL B (0 J O) -^ H\X,PGL n (O x )) -^ H 2 (X,O x ) 

of pointed sets coming from the theory of nonabelian cohomology (compare |21) . 
Chapter V and [48], Chapter I, §5). We say that a is the obstruction class of the 
torsor T\ it might also be regarded as a characteristic class. Similarly, the ob- 
struction against extending T to an SL„((9x)-torsor is a class a £ H 2 (X 7 fi n (Ox)) 7 
which maps to a, revealing that n ■ a = 0. Following Grothendieck, we regard the 
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cohomological Brauer group Br' (A) as the torsion part of H 2 (X, O x ). In contrast, 
the Brauer group 

Br (A) C Br' (A) C H 2 (X, O x ) 

is the subset of elements that are obstruction classes for some PGL„(Ox)-torsors 
T for certain n > 1 . 

Another way to see this goes as follows: The a € H 2 (X,O x ) correspond to 
isomorphism classes of O x -gerbes 2£ over X , and a lies in the Brauer group if one 
may choose 3£ as the gerbe of extensions to GL n (0jsf )-torsors for some PGL„(0x)- 
torsor T (see |18j . Chapter V, §4). As explained in [12], this is equivalent to the 
existence of certain locally free twisted sheaf of rank n, where the twisting is with 
respect to some cocycle representing a. 

Now let A be a topological space, and assume that the structure sheaf Ox is 
the sheaf of continuous complex- valued functions Cx ■ The exponential sequence 

— > Z — > C x — >C X — > 1, 

where the map on the left is / n- e 27rl ^, yields an exact sequence 

H 2 (X,Cx) — > H 2 (X,C X ) — ► H 3 (X,Z) — ► H 3 (X,C X ). 

Recall that a space A is paracompact if it is Hausdorff, and every open covering 
admits a refinement that is locally finite. For paracompact spaces, the sheaf Cx is 
soft by the Uryson Lemma, whence acyclic (see [19], Chapter II, Theorem 4.4.3), 
and we obtain: 

Proposition 1.1. For paracompact spaces X, there is a canonical identification of 
the cohomological Brauer group Br (A) with the torsion part of H 3 (X,Z). 

Throughout, we are mainly interested in CW-complexes. Then there is a useful 
interpretation in terms of singular homology groups as well. For any abelian group 
G, let us write 

Torsion G and G/Divisible 

for the torsion subgroup, and the quotient by the maximal divisible subgroup, 
respectively. 

Proposition 1.2. If X is a CW-complex, then there is a canonical identification 

Br'(A) = Torsion Ext 1 (H 2 ( A), Z), 

and this equals the torsion part o/Ext (i?2(A)/Divisible,Z) as well. 

Proof. CW-complexes are paracompact by Miyazaki's result, see [16 , Theorem 
1.3.5. Moreover, sheaf cohomology for the sheaf of locally constant integer-valued 
functions coincides with singular cohomology, compare [9], Chapter III, Section 1. 
The Universal Coefficient Theorem gives a short exact sequence 

— ► Ext 1 (H 2 (A), Z) — ► if 3 (A) — ► Hom(ff 3 (A),Z) — ► 0. 

The term on the right is torsionfree, whence the the map on the left is bijective on 
torsion parts. 

Finally, let D c i?2(A) be the maximal divisible subgroup. Since divisible 
groups are injective objects, this is a direct summand, and it remains to check that 
Ext (.D, Z) is torsion free. Now any divisible group is a direct sum of groups of the 
form Q and Z[p _1 ]/Z. But Ext (Q,Z) is a Q-vector space (in fact, of dimension 
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2 H °, compare [53]), whence torsion free, and Ext 1 (Z[p _1 ]/Z, Z) is isomorphic to the 
group of p-adic integers Z p (see [50], p. 74), which is torsion free as well. □ 

Let us record the following immediate consequence: 

Corollary 1.3. Let X be a CW-complex such that -ff 2 (A) is a direct sum of a 
divisible group and a free abelian group. Then Br (X) = 0. 

For an algebraic characterization of abelian groups G with torsion free Ext 1 (G, Z) , 
we refer to [TS], Theorem 2.13. Under suitable suitable set theoretical assumptions, 
this are precisely the sums of divisible and free groups [37] . 

Concerning the Brauer group, one can say the following. First observe that the 
sheaf of groups PGL n (Cx) may be regarded as the sheaf of continuous PGL„-valued 
functions. By abuse of notation, we write PGL ra for the Lie group PGL„(C) ofnxn 
invertible matrices modulo scalar matrices. There is a well-known equivalence of 
categories between the category of locally trivial principal PGL„-bundles P — >• X 
and the category of PGL n (Cx)-torsors T, sending P to the sheaf of sections T 
(compare |21| . Proposition 5.1.1). 

In practice, it is sometimes convenient to work with more geometric objects 
instead. Let / : V —> X be a continuous map whose fibers f~ 1 (x), x 6 X are 
homeomorphic to CP™ -1 . A chart (U,tp) consists of an open subset U C X and 
an [7-homeomorphism -0 : / _1 (L/) -> CP"- 1 x U. Two charts (U,tp) and (U',ij>') 
are compatible if the transition maps ip' o -0 -1 take values in PGL„ fiberwise over 
U H U'. An atlas is a collection of compatible charts (Ui,ipi) with X = [J. Ui. A 
CP 11-1 -bundle in a continuous map / : V — > X as above, endowed with a maximal 
atlas. One may also view them also as relative Brauer-Severi-varieties over X in 
the sense of Hakim [24] . We have an equivalence of categories between the category 
of locally principal PGL n -bundles P — >■ X and the category of CP n ~ ^bundles 

V — » X, sending the locally trivial principal bundle P to the associated locally 
trivial fiber bundle V defined as the quotient of CP n_1 x P by the diagonal left 
action of PGL„ (compare [M], Chapter 4). 

Throughout, we shall write H 1 (X, PGL n ) for the set of isomorphism classes of 
objects 7", P, V in their respective categories. We simply use the term PGL„- 
bundle, or just projective bundle when it is clear from the context to which objects 
we refer. The operation PGL m x PGL„ — > PGL mn that comes from tensor product 
of matrices induces a pairing 

H l {X,YGh m ) x H\X,VG-L n ) -* H\X,VGL mn ), 

which in turn gives the addition in the Brauer group. We shall write P (g> P' and 

V ®V for the corresponding operations on bundles, respectively. 

Stabilizing with respect to tensor products with trivial bundles leads to the 
colimit PGL = PGLqq . Note that this stabilization is different from the stabilization 
for vector resp. GL„-bundles denoted by GL = GL,^ and given by adding trivial 
bundles. These different stabilizations are the reason why 7r 2 fe(BPGL) = Q is 
different from 7T2fc(BGL) = 7T2fe(BU) = Z for all k > 1 even if 7T2fc(BPGL n ) = 
7r2/c(BGL„) = 7T2fe(BU(n)). Finally, note that tensoring a bundle with a trivial 
bundle does not change its obstruction class. 

Given a topological group G admitting a CW-structure, we denote by BG the 
classifying space for numerable principal G-bundles. We regard it as a connected 
CW-complex homotopy equivalent to the Milnor's join construction G * G * . . ., 
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together with a universal bundle, and write [X, BG] for the pointed set of homotopy 
classes of continuous maps. 

We are mainly interested in the case G = PGL„ and G = PU(n). The latter is 
the quotient of the unitary group U(n) by the diagonally embedded circle group 
U(l) — S 1 , which is also the quotient of the special unitary group SU(n) by the 
diagonally embedded group of n-th roots of unity \x n — /i n (C). 

Proposition 1.4. Let X be a paracompact space. Then we have 

F^XjPGLn) = [X,BPGL„] = [X,BP\J(n)]. 

In particular, the canonical map BPU(n) — > BPGL n is a homotopy equivalence. 

Proof. Since X is paracompact, every locally trivial principal PGL n -bundle is nu- 
merable, and the first equality follows. The obvious inclusion PU(n) C PGL„ 
is a deformation retract by Gram-Schmidt, hence a homotopy equivalence. As 
HBG ~ G for any Lie group, it follows that BPU(n) — >• BPGL„ is a weak equiva- 
lence, thus a homotopy equivalence. □ 

Remark 1.5. Some non- numerable locally trivial principal bundles over non- 
paracompact Hausdorff spaces are described in [TU] and [H5] . 

Let us record the following fact, which is essentially Serre's result on the Brauer 
group of finite CW-complexes: 

Theorem 1.6. Let X be a compact space. Then Br(X) = Br'(X). 

Proof. Let a € ~Br'(X) c H 3 (X,Z) be a cohomology class, say of order n > 1. 
Chose a lift a 6 H 2 (X,Z/nZ). On paracompact spaces, sheaf cohomology co- 
incides with Gech cohomology, according to [15], Chapter II, Theorem 5.10.1. 
Moreover, Cech cohomology on paracompact spaces with countable coefficients can 
by described via homotopy classes of continuous maps into Eilenberg-MacLane 
spaces, according to Huber's result [28]. Let Y be an Eilenberg-MacLane space of 
type KiX/nL, 2), and / : X — > Y a continuous map representing a. The image 
f(X) C Y is compact, whence contained in a finite subcomplex Y' C Y. By Serre's 
result [23], Theorem 1.6, the restriction of the universal cohomology class to Y' is 
the obstruction of some projective bundle V' — > Y' , and the pullback f*(V) shows 
that a lies in the Brauer group. □ 

From this we get an amusing existence result: 

Corollary 1.7. For every abelian torsion group T , there is a compact space X so 
that Br(X) is isomorphic to T and that the inclusion Br(X) C Br (X) C H 3 (X,'Z) 
are equalities. 

Proof. Using "long spheres" , Bodigheimer [8] constructed compact spaces realizing 
preassigned Cech cohomology groups. In particular, there is a compact space X 
with H 3 (X,Z) ~ T. But on paracompact spaces, Cech cohomology coincides with 
sheaf cohomology, by [19], Chapter II, Theorem 5.10.1, and the result follows. □ 

Note that for infinite abelian torsion groups T, there can be no CW structure 
on X. For otherwise there are only finitely many cells by compactness, and H 3 (X) 
would be finitely generated by the cellular cochain complex. 
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2. Some infinite CW-complexes 

We start by constructing a concrete projective bundle on a particular CW com- 
plex Y of dimension three. Fix some n > 1, and let Y be the space obtained by 
attaching a 3-cell to the 2-sphere along a continuous map ip : S 2 — > S 2 of degree n. 
We thus have a cocartesian diagram 

S 2 ► Z? 3 



-* y 



and regard V = e° Ue 2 Ue 3 as a CW-complex with three cells. The cellular cochain 
complex (see for example [5T], Chapter II, Theorem 2.19), or the cellular chain 
complex together with the Universal Coefficient Theorem easily yields 

Br'(F) = Torsion H 3 (Y) = H 3 (Y) = Z/nZ. 

By Serre's result, this group is generated by some PGL„<-bundle. The following 
argument shows that one may actually choose n' = n: 

Let I be a complex line bundle on the 2-skeleton Y 2 — S 2 with Chern class 
c\(L) = 1 (that is, the tautological bundle on CP 1 ), where the Chern class is 
regarded as element of H 2 (S 2 ) = Z, and consider the complex vector bundle E = 
ieC"" 1 of rank n. Then 

L P *{L®<C n - 1 ) = L® n ®<C n - 1 . 

Although the classifying map Y 2 — > BGL„ for E does not extend to Y, we have 
L® n © C" _1 ~ L© . . .@L. This is because vector bundles of rank n on the 2-sphere 
correspond, up to isomorphism, to elements in tti(GL„), the bundles in question 
have isomorphic determinant, and the determinant map GL n — > C x induces a bijec- 
tion on fundamental groups. Since the projectivization of L © ... © L is isomorphic 
to the product bundle CP n_1 x S 2 , the classifying map Y 2 — ► BPGL„ extends to 
Y, which yields a PGL„-bundle V — > Y. 

Proposition 2.1. The obstruction class of the projective bundle V —> Y con- 
structed above generates the group Br (V). 

Proof. Fix < i < n. Since Br'(y) is cyclic of order n, it suffices to check that V® 1 
is not the projectivization of a vector bundle. Suppose to the contrary that it is the 
projectivization of a vector bundle E — ¥ Y. Obviously, it has rank in, and (p*(E) 
is trivial. In light of the exact sequence of pointed sets ([lj applied to X = Y 2 , we 
have E\Y 2 ~ (L © C™" 1 )®* <8> N for some line bundle N -> Y 2 . Consequently 

ip*{E) = {L® n © C 1 - 1 )® 1 ® N® n . 

Taking first Chern classes, we obtain = ciip*(E) — in 1 + in t+1 ci(N), thus n\i, 
contradiction. D 

Let us record a direct consequence for universal bundles: 

Proposition 2.2. Let X = BPGL n . Then the cohomological Brauer group Br (X) 
is cyclic of order n, the obstruction class of the universal bundle P —> X is a 
generator, and Br(X) = Br (X). 
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Proof. Clearly, the Lie group PGL„ is connected. As PSL„ — >■ PGL n is the universal 
covering with fiber /x„ the nth roots of unity, its fundamental group is cyclic of order 
n. Thus the classifying space A = BPGL„ is simply connected, and Hurewicz shows 
that H 2 (X) = ir 2 (X) = tti(PGL„) ~ Z/nZ. Thus the same holds for Br'(A) by 
Proposition II .21 According to Proposition 12. 11 there is a numerable PGL„-bundle 
over some space whose obstruction class has order n. Thus the same holds for the 
universal bundle P — > X. If follows that Br(A) C Br (X) is an equality. □ 

According to a result of Woodward [55], see also |3], equality Br(A) = Br' (A) 
holds for all CW-complexes of dimension < 4; in fact, each cohomology class a <E 
Br' (A) is the obstruction of some PGL„-bundle V — > X with n — ord(a). 

This applies, for example, to differential manifolds of dimension at most four, 
or the underlying topological space A = 5(C) of a algebraic C-scheme or complex 
spaces 5 of complex dimension at most two. Note that all such spaces admit a 
CW-structure. It also applies to the underlying topological space A = 5(C) of 
complex Stein spaces 5 of complex dimension at most four, because such spaces 
have the homotopy type of a CW-complex of real dimension at most four by [2 5) . 

In higher dimensions, the following criterion reduces the problem to odd-dimen- 
sional CW-complexes: 

Lemma 2.3. Let X be a CW-complex of even dimension n, with (n — 1) -skeleton 
Y = X n ~ l . Let a 6 Br' (A) be a class whose restriction a\Y lies in the Brauer 
group Br(Y) C Br'(F). Then a 6 Br(A). 

Proof. The cases n = 0,2 are trivial, for then i? 2 (A) is free, so Br' (A) vanishes 
by Corollary 11.31 Now suppose n > 4. Choose some PGL^-bundle V —> Y whose 
obstruction class is a\Y. Let ip : H5™ _1 — > Y be the attaching maps for the n-cells. 
The pullbacks <p* a {V) correspond to elements in 

^„_ 2 (PGL d ) = 7r„_ 2 (GL d ) = 7r„_ 2 (17(d)). 

Replacing V by the tensor product with a suitable trivial bundle, we may assume 
that 2d + 1 > n - 1. The fibration U(d + l)/U{d) = S 2d+1 shows that we are in 
the stable range. We than have 7r„_ 2 (£/((i)) = 7r„_ 2 (t^) = 0, because n is even, 
compare [3^, Section 3.1. Thus the pullbacks <£* a {V) are trivial, so the classifying 
map Y — > BPGLd for V can be extended to A. The resulting bundle on A has a 
as obstruction class, since the restriction map Br' (A) — > Br'(Y) is bijective. □ 

Proposition 2.4. Let X be a finite- dimensional CW-complex that contains no cells 
of odd dimension n > 5. Then Br(A) = Br (A). 

Proof. Let A" C A be the n-skeleton. We check Br(A") = Br'(A") by induction 
on n > 4. Equality holds for n — 4 by |52) . Now suppose n > 5, and that equality 
holds for n— 1. If n is even, we may apply Lemma l2~3l If n is odd, then X n = A" -1 , 
and equality holds as well. □ 

3. Eilenberg-MacLane spaces 

We now examine the Brauer group of Eilenberg-MacLane spaces A of type 
K(G,j), which we always regard as connected CW-complexes endowed with a uni- 
versal cohomology class. For j > 3, such spaces have trivial cohomological Brauer 
group, according to Corollarv ll.3l In particular, this holds for K (Z, 3), although for 
paracompact Y every torsion cohomology class in H 3 (Y, Z) , which correspond to 
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an element of the cohomological Brauer group, arises as a pullback of the universal 
cohomology class on K(Z, 3). 

The cases of interest are j = 1 and j = 2. By Proposition 11.21 an Eilenberg- 
MacLane space A of type K(Q/Z, 2) has trivial cohomological Brauer group, al- 
though any torsion class in degree three on Y arises as the Bockstein of the pullback 
of the universal cohomology class. Similarly for the classifying space 

BPGLoo = K(Q/Z, 2) x K(Q, 4) x K(Q, 6) x . . . . 

According to Proposition II .21 the cohomological Brauer group of K(Z/nZ, 2) is 
cyclic of order n. Antieau and Williams proved the following result, using mul- 
tiplicative properties of the cohomology ring H*(PU(n),Z) with respect to the 
torsion subgroup ([3J, Corollary 5.10): 

Theorem 3.1. The Brauer group of K(Z/nZ, 2) is trivial. 

The special case n = 2 was already considered by Atiyah and Segal, compare 
[BJ, proof of Proposition 2.1 (v). Another proof relying on the homotopy theory of 
classifying spaces that might be of independent interest appears at the end of this 
section. 

What can be said about Eilenberg-MacLane spaces A of type K(G,2), where 
the abelian group G is arbitrary? Then H 2 (X) = 7r 2 (A) = G, and Proposition 11.21 
gives an inclusion Br' (A) C Ext 1 (G,Z). 

Proposition 3.2. Assumptions as above. With respect to the inclusion Br (A) C 
Ext (G, Z), the Brauer group is contained in the subgroup 

Ext 1 (G/Tbrsion,Z) C Ext x (G,Z). 

Proof. Let T C G be the torsion subgroup. The short exact sequence of abelian 
groups — y T — y G — y G/T — y yields an exact sequence 

Hom(T,Z) — y Ext 1 (G/T, Z) — y Ext x (G,Z) — > Ext x (T,Z) — y 

(recall that for abelian groups there are no higher Ext groups). The term on 
the left vanishes, hence the map on the right indeed is injective. Consider the 
collection G a C G of all finite cyclic subgroups. This gives another short exact 
sequence — y H —y Q) a G a —y T — y for some torsion group H. In turn, we get a 
commutative diagram with exact rows and columns 





■ Ext 1 (G/T, Z) ^ Ext x (G, Z) ^ Ext^T, Z) 



IlaExtHGa.Z). 

Seeking a contradiction, we assume that there is a bundle V — > A whose ob- 
struction class viewed as an element a £ Ext (G, Z) does not lie in the subgroup 
Ext 1 (G/T, Z). By the preceding diagram, there must be an inclusion Z/nZ C G so 
that the a restricts to a nonzero element in Ext (Z/nZ,Z). Consider the induced 
map 

/ : K(Z/nZ, 2) — y K(G, 2) = A 
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of Eilenberg-MacLane spaces. Then f*(V) is a bundle with nontrivial obstruction 
class, in contradiction to Theorem I3JJ D 



We conjecture that the Brauer groups for arbitrary Eilenberg-MacLane spaces 
of type K(G, 2) vanish. In the next section, we shall see that elements from the 
group Ext 1 (G/T, Z) correspond to so-called phantom classes. 



Another proof for Theorem \3.1\ Let X be an Eilenberg-MacLane space of type 
K(Z/nZ ) 2). Consider the Bockstein exact sequence 

H 2 (X,Z) — ► H 2 (X,Z/nZ) — > H 3 (X,Z) -^ H 3 (X,Z). 

The term on the left vanishes, by Hurewicz and the Universal Coefficient Theorem. 
In turn, the Bockstein map H 2 (X,Z/nZ) —t H 3 (X,Z) is injective, and its image 
equals Br'(A) c H 3 (X, Z), which is cyclic of order n. Denote by a G H 2 (X, Z/nZ) 
the universal cohomology class, which generates this cyclic group, and a G Br (X) 
the corresponding cohomological Brauer class. Seeking a contradiction, we suppose 
that there is a non-zero multiple f3 = r ■ a lying in Br(JQ. Choose a PGL m -bundle 
V — > X whose obstruction class is j3. As m ■ j3 = 0, the number m is a multiple 
of ord(/3) = n/gcd(n, r). Tensoring V with the trivial PGL gC{ j( n ,r)-bundle, we may 
assume that n\m. 

The existence of this bundle V has the following consequence: Let Y be an 
arbitrary paracompact space and 7 £ Br'(Y) an element of order n. Viewing it as 
a torsion class in H 3 (Y, Z) , we may choose some 7 G H 2 ( Y, Z/nZ) mapping to 7 
under the Bockstein. This 7 corresponds to a homotopy class of continuous maps 
h : Y — > X, and the PGL TO -bundle h*(V) on Y has obstruction r ■ 7. We will reach 
a contradiction below by exhibiting a paracompact space Y and a class 7 G Br (Y) 
of order n so that r ■ 7 does not come from a PGL m -bundle. 

We construct such a space Y as a relative CW-complex by attaching a single 
cell to the classifying space B — BPGL m . Using that %i(B) are finite groups for 
i < 3, we infer with Serre's refined Hurewicz Theorem 47 that the canonical map 
tia(B) — > H^{B) becomes bijective after tensoring with Q. Since n^B) ~ Z, there 
is a continuous map ip : S 4 — > B so that the induced map H4,(S , Q) —> H4,(B,Q) 
is bijective. The cocartesian diagram 

S* 4 ► D 5 



B > Y 

defines a relative CW-complex B CY. Then we have a long exact sequence 

H l (Y,B) — ► H\Y) — > H\B) — > H' l+1 (Y,B) 

of relative singular cohomology groups with integral coefficients. The relative coho- 
mology groups H l {Y, B) can be computed using the cellular cochain complex, thus 
vanish for i ^ 5 (see for example [ST], Chapter II, Theorem 2.19). In particular, 
the restriction map H 3 (Y,Z) — > H 3 (B,Z) is bijective. 

The obstruction class j u G Br(i3) of the universal bundle on B has order to, 
by Proposition 12.21 Let 7 G Br'(Y) be the unique class restricting to m/n ■ -f u , 
which has order n. As explained above, this yields a certain PGL m -bundle h*(V) 
on Y with obstruction class r ■ 7, which in turn is classified by a continuous map 
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/ : Y — > B = BPGL m . Consider the commutative diagram 

S 4 *- D 5 




The map g o ip factors over I? 5 , whence is homotopic to a constant map. We infer 
that the map g„ : H<l(B,Q) ->• H&(B,Q) is zero. 

On the other hand, g : B — > B is not homotopic to a constant map, because 
r-j\B = rm/n ■ j u ^ 0. Theorem EP1 below implies that g* : H 4 (B, Q) ->■ F 4 (S, Q) 
is bijective, contradiction. D 

We have just used the following result of Jackowski, Oliver and McClure [31] : 

Theorem 3.3. Let G be a compact, connected simple Lie group. Then for every 
nontrivial element g £ [BG,BG], there is a positive integer k and an a £ Out(G) 
such that g = Bet o tp k where ip k is a so-called unstable Adams operation, having 
the property that H 2l (ip k ,Q) is multiplication by k l . 

Actually, the units in the monoid of homotopy classes [BG, BG] is the group of 
outer automorphisms Out(G), and the corresponding quotient has an embedding 

[BG,BG]/[BG,BG] y cN 

into the multiplicative monoid of the integers. Its image consists of k = and all 
k > prime to the order of the Weyl group of G. These numbers k > correspond 
to the unstable Adams operations ip k , which are defined in terms of the Galois 
action of Gal(Q) on Grassmannians. First examples of unstable Adams operations 
were constructed by Sullivan [35]. This result apply in particular for the compact 
Lie group G = PU(n). Since BPU(n) — > BPGL„ is a homotopy equivalence by 
Proposition 11.41 and PU(n) is a compact, connected simple Lie group, it applies to 
our situation. 

4. Phantom cohomology 

Let X be a Hausdorff space, and Xp C X, (3 £ J the family of all compact 
subspaces, ordered by inclusion. In each degree p > 0, we define a subgroup 
HP{X) ph C HP(X) = HP(X, Z) by the exact sequence 

— ► HP(X) ph — > H'P(X) — ► Hm/Pp^), 

l3e.J 

and call its elements phantom cohomology classes. By the very definition, a coho- 
mology class is phantom if and only if it vanishes on each compact subspace. We 
are mainly interested in the case of CW-complexes X. Then one may replace the 
the system of all compact subspace by the cofinal system of all finite subcomplexes 
X a C X, a £ I. We refer to McGibbon [36] and Rudyak [42], Chapter III for more 
on phantoms. 

On CW-complexes, phantom cohomology classes may be described in a surpris- 
ingly simple way as follows: 
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Theorem 4.1. Let X be a CW-complex. Then there is a natural identification 

H n (X) ph = Ext 1 (Hn-i {X) /Torsion, Z) 

for each n > 0. 

Proof. According to a generalization ([5], Corollary 12) of Milnor's exact sequence 
([58], Lemma 2), we have a natural short exact sequence 

— ► UViT 1 - 1 ^) — > H n (X) — ► \^nH n (X a ) — > 0, 

such that iJ™(X) p h = Urn i^" _1 (X Q ). The Universal Coefficient Theorem gives 
short exact sequences 

— ► Ext\H n - 2 (X a ),Z) — ► F"- x (X a ) — ► Hom(ffn-iW ) Z) — ► 0. 

The groups H n _ 2 (X a ) are finitely generated, since X a are finite CW-complexes. 
Hence Ext (iJ„_2(X Q ),Z) are non-canonically isomorphic to the torsion part of 
H n -2(X a ), whence finite. According to [32], Corollary 7.2, the higher derived 
inverse limits of such groups vanish. Thus the map 

WlT n_1 (X a ) — ► ]im l liom{H n _i(X a ),Z) 

in the long exact sequence for inverse limits is bijective. Clearly, we have 

Hom(#„_i(A Q ),Z) = Hom(J?„_i(X a ) /Torsion, Z). 

Moreover, the canonical map lim_ff„_ 1 (A Q ) —} H n _x(X) is bijective. One easily 
sees that the induced map 

Km(H n -i(X a ) /Torsion) ->■ iJ n _i(A)/Torsion 

is bijective as well. By Jensen's observation ([32], page 37), we have an identification 

^im 1 Hom(i7„_i(A Q )/Torsion,Z) = Pext 1 (H n -i(X) /Torsion, Z), 

where the right hand side is the group of isomorphism classes of pure extensions. 
Recall that an extension in the category of abelian groups — > G' —> G — > G" — > 
is called pure if it remains exact after tensoring with arbitrary groups. The 
isomorphism classes of pure extensions form a subgroup 

Pext l (G",G') cExt^G",^). 

According to [T7], §53.3, this subgroup is the first Ulm subgroup. Recall that for 
an abelian group E, the first Ulm subgroup is U 1 (E) = n m >i( m -^)- However, for 
any torsion free abelian group F, the group Ext 1 (F, Z) is divisible (compare |17) . 
page 223, point (I)), hence the latter coincides with its own first Ulm subgroup. 
Combining these observations, we infer 

H n (X) ph = Ext 1 ( J ff n _i(A)/Torsion,Z) 

as desired. □ 

This allows us to pinpoint how phantom classes must arise: 

Corollary 4.2. Let X be a CW-complex with either finitely many cells e n ~ l C X 
of dimension n — 1, or finitely many cells of dimension e" C X of dimension n. 
Then H n (X) ph = 0. 
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Proof. Either of the two assumptions implies that the boundary map on the left in 
the cellular chain complex 

H n {X n ,X n - 1 ) — ► H n _ x {X n -\X n - 2 ) — ► H n _ 2 (X n - 2 ,X n - 3 ) 

has finite rank. It easily follows that H n _±(X) is a direct sum of a finitely gener- 
ated group and a free group. In turn H n -i(X)/ Torsion is free, thus H n (X) p i i = 
Ext 1 (J? n _i (X)/ Torsion, Z) vanishes. D 

Recall that the group of isomorphism classes of extensions of an arbitrary abelian 
group by a torsion free abelian group is divisible (see [IT], page 223, point (I)). 
Whence Theorem 14 . 1 1 implies the following: 

Corollary 4.3. Let X be a CW-complex. Then the groups H n (X) p \ 1 , n > are 
divisible groups. 

Recall (see e.g. [T7J, Theorem 23.1), that any divisible group D is isomorphic 
to a direct sum of groups of the form Q and Z[p _1 ]/Z, where p > runs over all 
prime numbers. Up to isomorphism, the divisible abelian group D is determined 
by the invariants 

Uq(D) = dimq(D /Totsion) and u p (D) = dimr p (H.om(¥ p ,D)), 

which should be regarded as cardinal numbers. 

Proposition 4.4. Let n > 2, and D be a divisible abelian torsion group. Then 
there is a connected CW-complex X of dimension n so that H n {X) p \ l — H n {X), 
and that the torsion part of this group is isomorphic to D. Furthermore, we can 
choose X with H m (X) — for m ^ 0, n. 

Proof. Let n be the smallest infinite cardinal number > 2 Card ( 7 ). It follows from 
[2"7] . proof of Theorem 3, that there is a torsion free group A of cardinality k so 
that the divisible groups Ext (A, Z) and D have the same invariant v p for all primes 
p > 0, whence the torsion part of Ext (A,Z) is isomorphic to D. Furthermore, it 
follows from the construction in loc. cit. that Hom(^4,Z) = 0. Clearly, we have a 
presentation 

— >R — > F — > A — ► 0, 
where F is a free group of rank k, such that R is a free group of rank k! < k. Let X = 
M{A, n — 1) be the corresponding Moore space, whose sole nonvanishing homology 
group in nonzero degrees is H n _ 1 (X) = A. Note that this can be constructed as a 
CW-complex with only one 0-cell, n cells of dimension n—1, and k' cells of dimension 
n. The Universal Coefficient Theorem gives H n (X) = Ext x (A,Z) and H m (X) = 
for m ^ n, 0. According to Theorem 14. 1[ we have H n (X) p h = Ext (A, Z), whence 
the result. □ 

Remark 4.5. It appears difficult to make useful statements about the rank vq of 
H n {X) P Y l ; the answer seems to depend strongly on the chosen axioms of set theory, 
compare [2"o] . 

Given a CW-complex X, we define the cohomological phantom Brauer group 

Br'(X) ph = -Br'(X)r\H 3 (X) ph , 

the intersection taking place in H 3 (X). The phantom Brauer group is defined 
as Br(X) p h = Br(X) (~l -ff 3 (X) p h. One might guess that cohomological phantom 



14 JENS HORNBOSTEL AND STEFAN SCHROER 

Brauer classes rarely come from projective bundles. Note however that we have the 
following: 

Proposition 4.6. Let D be a divisible abelian torsion group. Then there is a 3- 
dimensional CW-complex X so that Br(A) p h ~ D, and that the inclusion Br(A) p h C 
Br' (A) is an equality. 

Proof. According to Proposition 14.41 there is a 3-dimensional CW-complex X such 
that H 3 (X) p h — H 3 (X), and that this abelian group has torsion part isomorphic 
to D. In other words, Br'(X) ~ d. By [52], we have Br(A") = Br' (A), because X 
is of dimension < 4. □ 

Phantom cohomology is a special case of phantom maps / : X —> Y. These 
are continuous maps that become nomotopic to a constant map on each finite 
subcomplex X a C X, without being homotopic to a constant map themselves. (A 
variant is to demand that it is homotopic to a constant map on each n-skeleton 
X n .) The first published example of phantom maps is due to Adams and Walker 
PQ , who used the space X = S 1 A CP°° . Further constructions appear in [20] with 
/ : CP°° -> S 3 , and in [2 with / : A(Z, 2m - 1) -)• BU for m > 2. 

A rather explicit example of phantom cohomology is given in |42j . Chapter III, 
page 136: Let p > be a prime number (in loc. cit. the prime p — 3 was used), 
and X be the Z[l/p]-localized n-sphere. Our result allows to compute the phantom 
cohomology group as a divisible abelian group: 

Proposition 4.7. Let X be the Z[l/p] -localized n-sphere, as above. Then we have 

H n+1 (X) ph = H n+1 (X) ~Z p /Z, 

and this divisible group has invariants v$ = 2 N ° and v p = 0, whereas vi — 1 for all 
other primes I ^ p. 

Proof. As explained in loc. cit., the space A is a CW-complex with one 0-cell and 
countably many n-cells and (n + l)-cells. The corresponding boundary map in the 
cellular chain complex can be written as the matrix 



.4 



-P 1 

-P 1 

V ■■ -J 



This linear map is injective, thus H n+ \(X) = 0. One easily computes that the 
cokernel H n (X) is isomorphic to Z[p _1 ], which also follows from the universal 
property of localization for CW-complexes. This already gives H n+1 (X) p \ i = 
Ext^FnpO.Z) = H n+1 (X), the first equation by Theorem \4A\ the second by 
the Universal Coefficient Theorem. 

To compute this group, apply the Horn functor to the short exact sequence 
0->Z-> Z[p _1 ] — > Z[p _1 ]/Z —5- 0, which gives the exact sequence 

— > Hom(Z,Z) — > Ext^Zfp -1 ]^^) — > Ext^Zfp -1 ], Z) — > 0. 

The term in the middle is isomorphic to the ring of p-adic numbers Z p (compare 
[50] . page 74), and it follows that the term on the right is isomorphic to Z p /Z. 
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It remains to determine the invariants for the divisible group D = Z p /Z. The 
Snake Lemma applied to the commutative diagram 

► Z > Z. D ► D y 



y Z y Z p y D ► 0, 

where the vertical arrows are multiplication by some prime I > 0, immediately 
reveals that the multiplication map I : D — y D is bijective for I = p, whereas it has 
kernel isomorphic to Z/ZZ else. This gives the values for vi. Using that Z p and 
whence D has cardinality 2 N °, we infer the value vq — 2 K °. D 

5. Plus construction and classifying spaces 

By now we have gained a fairly good understanding of Brauer groups for Eilenberg- 
MacLane spaces of type K(G, n) with n > 2. In this final section we study the case 
n = 1, that is, classifying spaces for discrete groups. Somewhat surprisingly, this 
turns out to be, in some sense, the universal situation. 

Let X be a CW-complex, and N C wi(X) be normal subgroup that is perfect, i.e., 
N coincides with its commutator subgroup [N, N]. The plus construction X C X + 
is a relative CW-complex obtained by attaching certain cells of dimension two and 
three, such that the following holds: 

(i) 7Ti(X) — y tti(X + ) is surjective, with kernel N. 
(ii) H*(X) -y H*(X + ) is bijective. 

It has the following universal property: For every CW-complex Y and every con- 
tinuous map / : X —y Y such that N is contained in the kernel of tti(X) — y tv\(Y), 
there is a unique homotopy class of continuous maps / + : X + — y Y so that f + \x is 
homotopic to /. The plus construction was first introduced by Kervaire [34], and 
used by Quillen to define the higher i^-groups for rings [41) . 

Proposition 5.1. Let X be a CW-complex. Then the restriction maps Br (X + ) —} 
Bt'(X) and Bt(X+) -)■ Br(X) are bijective. 

Proof. Since H2(X) — y H2{X + ) is bijective, the induced map on cohomological 
Brauer groups is bijective, according to Proposition 11.21 In turn, the map on 
Brauer groups is injective, and it remains to check that every bundle on X extends 
to X + . Since the classifying space BPGL„ is simply connected, every continuous 
mapping / : X — y BPGL n extends to X + by the universal property of the plus 
construction. □ 

We thus have canonical identifications 

Br'(X+) = Br'(X) and Bt(X+) = Br(X). 

Now let Y be a connected CW complex. According to a result of Kan and Thurston 
[33] . there is a group G, a perfect normal subgroup N C G, and a homotopy 
equivalence 

(BG) + — *■ Y. 

Here BG denotes the classifying space of the discrete group G, defined in a functorial 
way as a geometric realization of the nerve of category with a single object and 



16 JENS HORNBOSTEL AND STEFAN SCHROER 

morphism set G, and (BG) + is the plus construction with respect to N c G — 
tti(BG). Note that this group G is often uncountable, but in any case we have 

Br'(Y) = Bt(BG) and Bt(Y) = Bt(BG) 

by Proposition [O] Concerning the question of equality of Br(A) C Br'(X), we are 
thus reduced to the case X — BG for discrete groups G. This translates part of 
the question from algebraic topology into group theory, as we have 

Br(BG) = Torsion Ext 1 (# 2 (G) /Divisible, Z) 

by Proposition 1 1.21 Recall that ^(G) = i?2(G, Z) is often referred to as the Schur 
multiplier. For G finite, the Schur multiplier is finite, and thus non-canonically 
isomorphic to Br' (BG). 

Let us now recall a fundamental notion from abelian group theory: Suppose G 
is an abelian torsion group. A subgroup H C G is called basic if the following three 
conditions hold: 

(i) The group H is isomorphic to a direct sum of cyclic groups, 
(ii) The residue class group G/H is divisible, 
(iii) For each integer n, the inclusion nH C nG fl if is an equality. 

Basic subgroups H C G always exists, and the isomorphism class of the abstract 
group H is unique. The theory of basic subgroups goes back to Kulikof [35], who 
treated the case that G is p-primary, that is, the orders of group elements are 
p-power. For the general situation, compare [17j . Chapter VI, Section 33. 

Theorem 5.2. Let p > be a prime, and G be a p-primary torsion group whose 
basic subgroups H C G are infinite. Then the classifying space X = BG has the 
property Br(A) C Br (X). 

This applies in particular to the case that G is an infinite-dimensional F p -vector 
space. The proof relies on a series of facts, which we have to establish first. To begin 
with, recall that for every abelian group, the addition map G x G —> G induces 
on the graded homology module H* (G) the structure of an alternating associative 
ring. Therefore, the canonical bijection G — >• H\(G) yields a ring homomorphism 
A*(G) — > H*(G) from the exterior algebra to the homology ring. 

Proposition 5.3. For every abelian group G, the canonical map A 2 (G) — > H^G) 
is bijective. If G is torsion and H C G is a basic subgroup, the induced map 
H2(H) — » i^2(G) is bijective as well. 

Proof. The first assertion appears in [11], Chapter V, Theorem 6.4. Now let G be 
torsion, and H C G a basic subgroup. The task is to check that the canonical map 

A 2 (ff)^A 2 (G) 

is bijective. We start with surjectivity. Let g A g' £ A 2 (G). Choose n > with 
ng' = 0. Using that G/H is divisible, we may write g — na + h with a € G and 
h e H . Then g A g' — h A g' — —g' A h. Repeating the argument, we see that 
g A g' — h A b! for some h, h! e H. 

It remains to check injectivity. Suppose we have a nonzero element x G A 2 (H). 
Since H is a direct sum of finite cyclic groups, so is A 2 (H). This implies that there 
is an integer n ^ with x $. nk 2 (H) . Since nH = H n nG, the canonical map of 
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Z/nZ- modules H/nH — > G/nG is injective (in fact bijective). It follows that the 
image of x in 

A 2 (H) <g) Z/nZ = A 2 (H/nH) = A 2 (G/nG) 
is nonzero, thus the same holds in A 2 (G). □ 

Corollary 5.4. Let G be an abelian torsion group, with basic subgroup H of the 
form H = ©jgj Z/rijZ. Then the cohomological Brauer group Br (X) of the clas- 
sifying space X — BG is isomorphic to the torsion part o/Oi<7 ^/( n «> n j)- 

Proof. We have H 2 (G) = A 2 (H) by the Proposition. Using A 2 (Z/n,;Z) = 0, one 
obtains a decomposition 

A 2 (H) = 0A 1 (Z/n 4 Z)«>A 1 (Z/n J Z) =0Z/(n i ,n i ). 

i<j i<j 

Here we have chosen a total order on the index set /. Proposition 11.21 together 
with the fact that Ext 1 (Z/dZ, Z), d ^ is non-canonically isomorphic to Z/dZ, 
now yields the result. □ 

Next, we need a result that allows us to pass back, in rather special circum- 
stances, from bundles over classifying spaces to representations. Given a repre- 
sentation p : m(X) — Y L in some Lie group L, we obtain an associated L-bundle 
V — >• X, which is defined as the quotient oflxl modulo the diagonal action of 
the fundamental group. Such bundles are called flat. We are mainly interest in the 
case X = BG, where m(X) = G, and L = PU(n) C PGL„. 

Proposition 5.5. Let p > be a prime, and G be a group that is an ascending 
union of subgroups Go C G\ C .... Suppose that the Gj are finite p-groups and 
that the inclusion homomorphisms Gj C Gj+i admit left inverses. Then every 
PGL n -bundle on the classifying space X — BG is associated to a representation 
G^PU(n). 

Proof. We have BG = |Jj BGj- Let V -> BG be a PGL„-bundlc of rank n > 0. 
and write Vj — V\BGj for the restrictions. By a result of Dwyer and Zabrodsky 
[13] . the canonical maps 

Hom(G,,PU(n)) — ► [SG it BPU(n)] = [BG 4 ,BPGL„] 

are surjective. Choose a representation pj : Gj — > PU(n) so that Vj is isomorphic 
to the bundle associated to pj. For each j, the representations pj+i\Gj and p^ are 
conjugate. This follows from [5T], Chapter V, Corollary 4.4. Replacing inductively 
the pj + i by suitable a~ 1 pj+iaj, we may assume that pj + i|Gj = pj. In turn, we 
get a representation p : G — > PU(n) with p|Gj = pj. Consider the associated 
PGL„-bundle W — > BG. By construction, the bundles V, W restrict to isomorphic 
bundles on each BGj. 

It remains to verify that two PGL„ -bundles V, W of rank n that are isomorphic 
on each BGj are isomorphic. Let Vj, Wj be the restrictions to BGj. Since V = (J Vj 
and W = [j Wj , it suffices to construct compatible bundle isomorphism fj : Vj — > 
Wj. We do this by induction on j > 0. Choose an arbitrary isomorphism /o, and 
suppose we already have a compatible family fo,- ■■ , fj- Let Pj+i — i BGj+\ be the 
PGL„-torsor of bundle isomorphism Vj+i -^ Wj+i- Then Pj + i\BGj is isomorphic 
to Pj — > BGj . By assumption, all these torsors admit a section, thus are isomorphic 
to the trivial torsor. To conclude the proof, it therefore suffices to verify that every 
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continuous function BGj —¥ PGL„ extends along the inclusion BGj C BGj+i. 
But this is trivial, because our left inverses lj+i : Gj+\ —¥ Gj for the inclusions 
Gj C Gj+i induce by functoriality continuous maps Blj+\ : BGj+\ — > BGj that 
are the identity on BGj . □ 

Proposition 5.6. Let G be an abelian group, and V —¥ BG the YGlj n -bundle 
associated to a representation p : G — ¥ PU(n). Then there is a subgroup M C G of 
finite index so that the restriction V\BM comes from a vector bundle of rank n. 

Proof. This is essentially a result on unitary representations of discrete groups due 
to Backhouse and Bradley [7]. For the sake of the reader, we briefly recall parts 
of their argument in our setting. For each g 6 G, choose a matrix A g G SU(n) 
representing p(g) € PU(n). Make the choice so the A e is the unit matrix for the 
neutral element e € G. Now define the multiplier (jJ 9l h £ Mn by the formula 

A g ■ Ah — ujg.h ■ A g h- 

Then the 2-cochain uj g ,h is a cocycle, and its cohomology class in H 2 (G,C X ) is 
precisely the obstruction against lifting the projective representation p to a linear 
representation. 

On the other hand, one may use this 2-cocycle to endow the set G — poo x G 
with the structure of a central extension of G, by declaring the group law as 

tt,g)-&h) = (CZ<»g,h ) gh). 

Here poa C C x is the group of all complex roots of unity. The representation 
p : G — > PU(n) yields a unitary representation p : G — > U(n), defined via p~((,g) — 
C,A g . We may assume that the latter linear representation is irreducible, by passing 
to an irreducible subrepresentation. This replaces n by some n' < n, but does not 
affect the multiplier. 

Using Zorn's Lemma, one checks that there is a maximal subgroup M C G on 
which the multiplier is symmetric, that is, u> g ,h — w h,g for all j,/ie M. Consider 
the induced central extension M = G Xg M of M. Obviously, the group M is 
abelian, and we may view — > p^ — > M — > M — > as an extension in the category 
of abelian groups. The latter extension splits, because p,^ is divisible and hence 
Ext 1 (M, poo) vanishes. Consequently, the representation p : M — > PU(n) C PGL„ 
lifts to a linear representation M — > GL„. 

It remains to verify that the subgroup M C G has finite index. This indeed 
holds by [7], Theorem 3. Note that in loc. cit. the irreducibility of the unitary 
representation of G enters. There it is also shown that all irreducible unitary 
projective representation with multiplier us have the same dimension d(ui), and 
that this dimension coincides with the index of M C G. □ 



Proof of Theorem \5.2\ Let p > be a prime and G be a p-primary torsion group 
whose basic subgroups H C G are infinite. Write H = Q) i£l Z/p Ui Z. By the proof 
for Corollary 15.41 the cohomological Brauer group of BG is the torsion part of 

(2) Ext 1 (A 2 (if), Z) =Hom(A 2 (ff),Q/Z) =Y[Rom{Z/ {p v %p^ ),Q/Z). 

i<j 

In particular, the canonical map BH — > BG induces a bijection on cohomological 
Brauer groups. Replacing G by H , we may assume that G itself is a direct sum of 
cyclic groups. Restricting to a direct summand and permuting the summands, we 
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may assume that the index set / is the set of natural numbers, and that f, < Vj 
for % < j. 

Set X = BG, and let a E Br' (AT) be a torsion element. Write it as a tuple 
a = (&ij)i<j with respect to the decomposition ([2]). For each i e /, let Ji c I be 
the set of j € I with i < j and a,j ^ 0. Furthermore, let Is n C I be the set of all 
i E I with Ji finite. Now suppose that a has the property that I \ Ia n is finite, and 
that the cardinalities of the sets Ji, i E Tfm are unbounded. We claim that any such 
a does not lie in the Brauer group. 

Suppose to the contrary that there is a PGL„-bundlc V — > X whose obstruction 
class is a. Clearly, the assumptions of Proposition 15.51 hold for the subgroups 
Gj = (Bi =0 Z/p Vi Z of G; hence our projective bundle is associated to a projective 
representation p : G — > PGL„. By Proposition 15.61 there is a subgroup M C G of 
finite index so that the projective representation lifts to a linear representation of 
the subgroup M. Thus a|A 2 (M) = 0. 

To reach a contradiction, it remains to check that a remains nonzero on A 2 (M) 
for each subgroup M C G of finite index. We do this by induction on the index 
[G : M]. The case M = G is trivial, so let us assume M C G. Choose a short exact 
sequence 

(3) — *• G' — ► G — ► Z/pZ — ► 0. 

with McG'. We shall see that for some other subgroup U C G', we may apply 
the induction hypothesis to M D U C U. Indeed, we have 

U/(M r\U) = (U+ M)/M g G/M, 

so [U : M n U] < [G : M], and the problem is to choose U admitting a suitable 
direct sum decomposition, so that a\A 2 (U) retains its properties with respect to 
the new decomposition. 

With respect to the given direct sum decomposition G — © i>0 Z/p^Z, the map 
on the right in ([3]) can be viewed as a matrix (Ao, Ai, . . .) with A& £ Z/pZ. First, 
consider the case that Afe = for almost all k E I, say for all k > ko- Then obviously 
U = © 1>fco Z/p u -Z does the job. 

Suppose now that Afc ^ for infinitely many k € I. Then there must be such 
an index with Jk finite. Without restriction, we may assume Afc = 1. For i =/= k, 
choose lifts A' ; 6 Z of A, e Z/pZ, and consider e\ = e* — A-e^ € G. Also set e' fe = e^. 
Then the elements e\ E G, i > form a new "basis", and the e\, i ^ k generate a 
subgroup U C G contained in G'. In A 2 (G), we obviously have 

e'i A e'j = ej A e^ — A^e^ A ej + Aj-e& A ej. 

Decomposing a = (a^)j<j with respect to the new "basis" e- G G as in J2}, the 
above formula shows that for all i > k, i ^ Jk, the condition ay 7^ is equivalent to 
a'ij ^ 0, except for at most Card(Jfc) indices j E Jk- It follows that the new tuple 
{a'ij)i<j has the same properties as the original tuple (ci!y)«<j> and the same holds 
if we restrict to indices i,j ^ k. The induction hypothesis applied to M n U C U 
tells us that a remains nonzero on A 2 (M n U), thus in particular on A 2 (M). D 
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